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Abstract 

We find normal and seminormal forms for a s?3-valued zero curvature 
representation (ZCR). We prove a theorem about reducibility of ZCR's, 
which says that if one of the matrix in a ZCR {A, B) falls to a proper sub- 
algebra of s/3, then the second matrix either falls to the same subalgebra 
or the ZCR is almost trivial. In the end of this paper we show examples 
of ZCR's and their normal forms. 

1 Introduction 

Zero curvature representations (ZCR) rank among the most important attributes 
of integrable partial differential equations |8j. A ZCR is usually treated as a 
special case of the Wahlquist-Estabrook prolongation structure jJUl j but the fa- 
mous Wahlquist-Estabrook procedure is not sufficient for obtaining a complete 
classification of integrable systems. The main obstacle consists in the presence 
of a large group of gauge transformations. Thus we are naturally led to the 
problem of introduction of normal forms of ZCR's such that every orbit of the 
gauge action contains the corresponding normal form. 

In nineties, independently M. Marvan and S. Yu. Sakovich [H] introduced 
a characteristic element of a ZCR, which is a matrix that transforms by conju- 
gation during gauge transformations of the ZCR. It follows that one can reduce 
the gauge freedom by putting the characteristic element in the Jordan normal 
form. There is a remaining gauge freedom, which can be used for further re- 
duction of one of the matrices constituting the ZCR. This is rather similar to 
classification of pairs of matrices under simultaneous conjugation, developed by 
Belitskii [T]. 

In case of the Lie algebra s/2 a solution of the problem can be found in 
13]. This made possible the subsequent complete classification of second-order 
evolution equations possessing an s/2-valued ZCR fS!. 

In this work we try to obtain such a classification in case of 5/3 . The number 
of possible normal forms is 8, compared to 2 in case of sl-2- As examples, we 
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consider the Tzitzeica equation P|, whose ZCR is known since 1910, Sawada- 
Kotera equation '7' and the Kupershmidt equation |2] . 

2 Preliminaries 

Let us consider a system of nonhnear difTcrcntial equations 

F\t,x,u\...,u'},...) = 0, (1) 

in two independent variables t and x, a finite number of dependent variables u'^ 
and their derivatives Mj, where / denotes a finite symmetric multiindex over t 
and X. 

Let J°° be an infinite-dimensional jet space such that t, x, u*^, Uj are local 
jet coordinates on J°° . We have two distinguished vector fields on J°° 

k,I -< k,I ^ 

which are called total derivatives. Let 5' be a matrix Lie algebra. By a g-valued 
zero curvature representation (ZCR) for we mean two g-valued functions 
A, B which satisfy 

DtA - D^B + [A, B] = (2) 

as a consequence of (Q. Let G be the connected and simply connected matrix 
Lie group associated with g. Then for every G- valued function W we define the 
gauge transformation of ZCR {A, B) by the formulas 

A^ := D^W - W-^ + W ■ A-W-'^ 
B^ := DtW -W'^ + W ■ B ■W-'^ 

As is well known, {A^ , B^) is a ZCR again, and we say that it is gauge equiv- 
alent to {A, B). 

A characteristic element i? is a valued function defined in _.3.' . The following 
assertion holds: 

Proposition 2.1 (3) Gauge equivalent ZGR's have conjugate characteristic 
elements. 

If a ZCR [A, B) is gauge equivalent to another ZCR with coefficients in a 
proper subalgebra of then we say that the ZCR is reducible. Otherwise it is 
said to be irreducible. A ZCR gauge equivalent to zero is called trivial. A very 
important case is a ZCR with coefficients in a non-solvable Lie algebra. The 
simplest case of a non-solvable Lie algebra is the algebra 3^2 ■ In 0] the following 
proposition was obtained: 

Proposition 2.2 Let [A^B) be an irreducible sl2-valued ZCR, let R^Q be its 

characteristic element. Then we have one of the two following normal forms for 
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R and A : 

- Nilpotent case 



Diagonal case 









02 \ 






\a3 






R = 



—r J ' \a3 — ai 

3 Basic notions 

In this section we explain the method to find the normal form of (7- valued ZCR. 
The main idea is taken from the proposition 2.1. Gauge equivalent ZCR's have 
conjugate characteristic elements, therefore we can restrict ourselves to the char- 
acteristic elements in the Jordan normal form. Since the gauge transformation is 
a group action, it is possible to consider the stabilizer group of the characteristic 
element, which is a proper subgroup of G. The stabilizer is usually rather small 
(see Table 1), therefore we can compute its action on the matrix A and find the 
corresponding normal forms rather easily. We aim at finding the minimal set 
of normal forms. We can achieve substantial reduction by taking into account 
permutations of the Jordan blocks and using suitable automorphism of 5/3. 

^Ai 

Ji = I A2 I ; Ai 7^ A2, Wi 






J2 = A ; A ^ 0, W2 = 



J3 = 1 A ; A 9^ 0, W3 = 
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J4 = 1 , Wi 



J5 = 1 , W5 



where Z = W11W22 — 'W12W21. 

Table 1: Jordan forms and the corresponding stabilizers 
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In this work wc distinguish between norm,al forms and seminormal forms. 
We say that we have the normal form if we have just a finite number of pos- 
sibihties of the choice of the corresponding gauge matrix. If our choice of the 
corresponding gauge matrix depends on at least one arbitrary function, wc say 
that we have the seminormal form. In this case we may use the residual gauge 
freedom to transform the matrix B. 

Table 1 lists all possible Jordan forms Jj of s^3-matriccs and the correspond- 
ing stabilizers Wi, where Wj denote arbitrary complex numbers such that all 
algebraic operations make sense. J2 and J4 are degenerate cases of Ji and 
J3. respectively, when the two eigenvalues coincide and the dimension of the 
stabilizer raises from two to four. 



4 Reducibility theorem 

For further reference, we list here several subalgebras of 5^3. Two subalgebras 
a, h are said to be conjugate, if there exist S e GL^ such that a = SbS~^. Note 
that for constant matrices S G SLt, conjugation and gauge equivalence coincide. 
Another obvious automorphism of sis is A 1— > —A^, which we call transposition. 
We introduce six permutation matrices 



Pi = 1 , P2 = 






In fact the permutation matrices Pi, P3, P5 have the determinant equal to — 1, 
but this makes no harm since —Pi, — P3, — P5 S SLs and A^^ = A~^'. 

In what follows, we frequently use six 6-dimensional subalgebras consisting 
of traceless matrices of either of the forms: 



ON 



ii = 



lO 



i4 = I . . j , L5 = . • j , Le=^ . 

These six subalgebras are mutually isomorphic via transposition or conjugation. 

Theorem 4.1 // the matrix A in the sis-valued ZCR {A,B) belongs to one 
of subalgebras Li,i = 1,...,6, then the ZCR is either reducible or is gauge 
equivalent to one with A = 0, D^B = 0. 
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Proof. Recall that the ZCR {A, B) is reducible if both A, B fall to the same 
proper subalgebra or is gauge equivalent to such. Let the matrix A belongs to 
the subalgebra Li = {ai2 = 0, 013 = 0}. 

If &13 = then from ^ we have 023612 — 0. If 612 = then we are done. If 
612 7^ then 023 = 0. Now, if &23 = 0, then A falls to the same subalgebra Lg as 
B and we are done. If &23 7^ then we express from Q stepwise all remaining 
elements of the matrix A: 

ail = {Dxbl2 + {bi2Dj;b23 - &23-D:r6i2)/3623)/&12, 

022 = {bi2Dxb2z - b2zDxbi2)/{ib23bi2), 

021 = {b23b\2Dtxb23 + 2623&12A£!;&12 ^ &?2^a;623 A623 - 2bl'^Dxbl2Dtbl2 

-3bl,bl2Dxbii)/{3bl2bl,), 

032 = (26236?2 Aa;&23 + &23^12Aa;&12 - 2612^^23^^23 " bj^^ D ^b 12 Dtb 12 

-ibl^bl^Dxbii - 3bl3bl2Dxb22)/{ibl^bl2), 

031 = (6i3^12Ate623 + 26^36^2^^612 - 26236?2A623-Dtx623 

+6236ii6i2Aa;623 " 6236^2^612^2:623 " 6236^2622 Aa;623 
-6236^2^623^*623 - 36^36^2^^611 - 26^36^2622^:^612 

-66^36i2A6i2Ax6i2 + 26^36ii6?2Ax6i2 - 26^36i2A6i2At6i2 
+26?2A623(A623)' + 6236^2 A623A623A612 + 6bl^Dxbi2 (A612) 

-623611612A623A623 + 6236?2622A623A623 + 'ib\^b{2DxbiiDtbi2 

-2633611612A612A612 + 26^3612622 A612A612 - 36^36t2A62i 

-36336116327^,611 + 3633632622 A611 - 362l633632i^,6i2)/(36|36t2). 

The gauge matrix which sends A to zero is then 



W 



^21 ^^2^^^^ 

V W31 W32 6}^3^2/3 



where 



«^21 = (-iA623/623 - IA612/612 + 6ll)/(6f26|3), 

W;31 - (-iAt623/623 -|At6l2/6l2 + (|A623/623)' + (f A6l2/6l2)2 
+ |A623A6i2/(6236i2) " §611 A623/623 + A611 

-|6ii A612/612 + 621612 + 62i)/(6f26|3). 

«^32 = (-|A623/623 "iA6l2/6l2+6ii+ 622)6iy62V 

Then D^B ~ hy equation J^J. 

Finally, if 613 7^ 0, then we apply the gauge transformation to the ZCR 
(A, B) with gauge matrix 
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which keeps ai2 = 0, 013 = 0, while 613 will become zero. □ 



5 Normal and seminormal forms 

We list here normal forms of s^3-valued ZCR's with characteristic element in 
Jordan normal form in either of the forms Ji , . . . , J5 . Matrices Nf denote 
normal forms, where the lower indices corresponds with Jordan normal forms. 
Dots denote arbitrary elements. 



Case Ji ^1=1 



1 



^0 1 0^ 
Case J2 N^^ \ . . \ 



ON 

Case J3 iVi = ( . . I , ^1 = ( . . 1 

^0 1^ 


^0 . ON 



Case J4 Nl=\. .l\,Ni=\. 



Case J5 N^^ \ . . .], Ni 



Theorem 5.1 In a sl^-valued ZCR such that its characteristic element has 
either of the Jordan normal forms Ji , . . . , J5, the matrix A has one of the above 
normal forms Nl , N2 , , iV| , iV| , , , iV| , or A satisfies assumptions of 
Theorem \4 1\ 

The remaining part of this paper is devoted to the proof of Theorem 15.11 
In fact, we give an algorithm which assigns a normal or seminormal form to 
the matrix A. This algorithm proves Theorem 15.11 The symbol denotes 
the corresponding gauge matrix which sends the matrix A to the normal (resp. 
seminormal) form iV/ (resp. Sf). 

5.1 Case Ji 

The diagonal Jordan normal form is unique up to the order of the elements 
on the diagonal, i.e., up to conjugation with respect to one of the permutation 
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matrices P(),...,P^. Given a matrix A, the corresponding gauge equivalent 
matrices will be A, = D^Pi-Pf^ + PiAP~^ = PiAP~^, i = 0, 1, . . . , 5, namely 





/an 


0,12 


Ol3\ 


Ao = 
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Ol3 






031 


033/ 


where 
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-On 


- O22 



Ai 



'an Oi3 ai2' 
031 033 032 
k O21 O23 022 J 



A2 = 



033 031 
013 On 

1023 O21 



O32 
O12 
022> 



022 


023 


021 


032 


O33 


O3I 


012 


Ol3 


On 


033 


O32 


031 


023 


022 


021 


Ol3 


012 


On 



Case 1. 
A = Ai, then we have 



(since A is an 5/3 matrix). 
If there exists i = 0, 1, . . . , 5 such that 021 7^ and 032 7^ in 



/ 1 I 
O32O21 



\ 





^32^21 





\ 


2 ^ 

%2%1 / 



One easily sees that the matrix is unique up to the choice of cubic roots, 
hence is a normal form. 

Case 2. Otherwise, if there exists i = 0, 1, . . . , 5 such that 021 7^ 0, 032 = 
and 031 ^ in A = Ai, then 




/II 
«3ia2i 



V 










1 

'^2l'^3i / 



We have used the fact that ai2 = 0,013 = and 023 = as well. Indeed, if 
012 7^ (resp. Oi3 ^ 0, resp. O23 ^ 0) in A, then, using the permutation matrix 
P3 (resp. P4, resp. Pi), we would obtain the first case. is a normal form 
and belongs to the intersection of subalgebras L5 and Lq. 

The case when 021 7^ 0, 032 = 0, 031 = and 023 7^ in some A = Ai can be 
converted to Case 2 by using conjugation by P3 after transposition A t-^ — A^. 

Case 3. Otherwise, if there exists i = 0, 1, . . . , 5 such that 021 7^ 0, 032 = 0, 
031 = and 023 = in A = Ai, then 



Si 







/021 









W^=\ 


1 




./ 


V 






Indeed, using the same argument as in Case 2 we may assume that 013 = 0. 
However, the most general gauge matrix is 



'a2iW2 

W2 



021^^2 ^ 



7 



and depends on the choice of one arbitrary function W2- If we set W2 = 1, then 
we obtain W^. Hence Sf is a seminormal form. The matrix Sf belongs to the 
intersection of subalgebras L3 and Lq. 

Case 4- If 021 = for all Ai, then all the off-diagonal elements must be 
zero, therefore the seminormal form is 

/. 0\ 
A = S^ = \0 . . 

Vo 

The matrix Sf belongs to the intersection of subalgebras L\,L2 and L3. 



5.2 Case J2 

The following case J2 of Jordan normal form of characteristic element is singular 
and the number of parameters in the corresponding stabilizer subgroup increases 
from two to four (see Table 1). In this case we apply the automorphism A 1— > 
—A^ to reduce the number of normal and seminormal forms. 

Let K = ai3Dxa23 - a23£>xai3 + aiiai3a23 - 021013 + 012023 - 022013023, 
L = a32Dxa3i - 0311)3,032 + 011O32O31 + 021O32 - 012O31 - 022032031, and 
R = 013031 + 023O32. 

Case 1. li K ^ 0, then the normal form is 

^0 1 0^ 
Nl=\ . . 1 



The corresponding gauge matrix W2 is found to be 

wii = -023^^:"^/^ u'i2 = oisif 

W21 = (^a23K^^D^K - Dxa23 - 011023 + 013021)/^"^/^, 
W12 = {-laisK-^D^K + D^ai3 - 012023 + a22ai3)K~'^/^ . 

The case when K = Q,L ^ can be reduced to Case 1. Indeed, using the 
automorphism A —A^ we have K — L and L 1— > —K. 

Case 2. li K = Q, L = 0, R ^ Q, then 

/. 0\ / 023 - 013 

5| = . . , W^=\ a^iR-'/' a32R-"^ 

yo 1 7 V 

Indeed, applying W| to general SI3 matrix A we obtain 

-KR-^/^ 0^ 

1 
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and wc sec that for K = 0,L = wc have = 5*1. The seminormal form S2 
falls to the intersection of subalgebras Li and L4. 

For K = 0, L = 0, R = we have two subcases: 

Case 3. If 013 7^ or 023 7^ 0, then 

(^23 -0.13 
W21 W22 
(w2iai3 + ^22023)' 

for arbitrary nonzero parameters ■u;2i and W22 such that ^21013 + ^22023 7^ 0. 
Indeed, applying Wf to general 5/3 matrix A we obtain 




K{w2iai3 + ^22^23) ^ 0^ 
R{w2iai3 + ^220123)"^ 



and we see that for = 0, i? = we have = 82- Note that in this case 
L = —K{a32/ai3)'^ or L = — -^^(031/023)^. The seminormal form S2 falls to the 
intersection of subalgebras Li and L5. 

When a3i 7^ or 032 7^ 0, then using the transposition A 1-^ —A'^ we obtain 
Case 3. 

Case 4- If ai3 = 0, 023 = 0, 031 = 0, 032 = 0, then the seminormal form is 



St 



The seminormal form 5^ falls to the intersection of subalgebras L3 and Lq. 




5.3 Case J3 

In this case we use a modification of the permutation matrix P3: 




Case 1. If ai3 7^ 0, then 



Nl = 



Nl is a normal form. 



-1/3 



13 

— a23ai3 




4/3 



-1/3 



*13 



The case when 013 = 0, 7^ can be reduced to Case 1 by using the 
conjugation by P3 after transposition A 1— > —A^. 
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Case 2. If ai3 = 0, 032 = 0, 023 ^ 0, ai2 7^ 0, then 



A^l is a normal form. 



-1/3 



*23 



(a23aii - |-Dcca23)/(cH2a23^) ^23^^^ 



v 



\ 



2/3 

«23 / 



Case 3. If ai3 = 0, 032 = 0, 023 ^ 0, ai2 = 0, then 

L/3 



Si 







(:: 









-'23 


V 





-1/3 
23 





S\ is a seminormal form and belongs to the intersection of subalgebras L\ and 
Case 4- If ai3 = 0, 032 = 0, 023 = 0, 031 7^ 0, 012 7^ 0, then 



1/3 n 


(i£>xa3i +a3iaii)/(ai2a3i^) 









-2/3 
^31 



A^3 is a normal form and belongs to the subalgebra Lq. 

The case when 013 = 0, a32 = 0, = 0, a3i 7^ 0, ai2 = can be reduced to 
Case 3 by using the conjugation by P3 after transposition A 1— *■ —A^ again. 
Case 5. Otherwise, if ais = 0, 032 = 0, 023 = 0, 031 = 0, ai2 7^ 0, then 



5t = 









r 




wi=( 




./ 





1 0> 

ly 



Sf is a seminormal form and belongs to the intersection of subalgebras and 

Case 6. Otherwise, if 013 = 0, 032 = 0, 023 = 0, 031 = 0, ai2 = 0, then the 
seminormal form is 

o^ 



A = St 







lO 



Matrices of this form constitute a 3-dimensional solvable subalgebra of 5/3. 



5.4 Case J4 

The Case J4 is singular again (see Case J2). We use again the modified permu- 
tation matrix P3. 

Let M = auD^aia - ais,Dxai2 - 2012013022 + a23a?2 - a32a?3 ~ aiiai2ai3 
and N = ai2Dxa32 - a32Dxai2 + 2011012032 - 031O12 + ai3a§2 + 012022032. 
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Case 1. If ai2 ^ 0, M ^ 0, then the normal form is 

^0 . 




The corresponding gauge matrix Wl is obtained in the following way: 
wi = ali^/M'^/^, W2 = {DxWi + aii«;i)/ai2, 

^3 = u;iai3/ai2, ^4 = -a32/(wfai2)- 

The case when ai2 ^ 0, M = 0, N ^ may be reduced to Case 1 by using 
the conjugation by P3 after transposition A 1— » —A^ . 
Case 2. If ai2 7^ 0, M = 0, iV = 0, then 

/O . 0\ /I 

Sl=\. . , W| = aiiala^ 1 axza-{l 
yO 7 V-«32ar2' 1 

Indeed, applying Wf to general SZ3 matrix ^4 we obtain 



. 

12 I ) 



^/af2 

and we see that for M = 0, A'' = we have A'^* = S\. The seminormal form 
S\ falls to the intersection of subalgebras ^3 and L^. 

Case 3. If ai2 = 0, ai3 7^ 0, 032 7^ 0, then the normal form is 




The corresponding gauge matrix is obtained in the following way: 

wi = a^^^^, W3 = {D^ai3 - 3ai3a22)/3a32af^^, 
W4 = -{D^ai3 - 3aiiai3)/3a^^^, 
^3-0x0,13 -0x^3 - as2al^3^wl - anW3 - 2a22«^3 + (i-23ai3^^ 

W2 = —"2 • 

3af3 ai3 
Case 4- If ai2 — 0, ai3 = 0, a32 ^ 0, then 




51 = . . . , Wt = 



( \ 

031 1/3 2J:)a;a32 + 3032011 + 3a32a22 

2/3 "32 5/3 
-'32 «J"32 

V 032'/' 
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The seminormal form Sf falls to the subalgcbra Li. 

The case when ai2 = 0, ai3 ^ 0, 032 = is reducible to Case 4 by using the 
conjugation by P3 after transposition A 1— > —A^. 

Case 5. If ai2 = 0, ai3 = 0, 032 = 0, 023 7^ 0, then 







: r 









sl = [0 . . \ , w!=\ 1 



1 o^ 
1 

a2ia^3"^ 



The seminormal form falls to the intersection of subalgebras Li and L5. 
Case 6. If ai2 = 0, 013 = 0, 032 = 0, 023 = 0, then the seminormal form is 

A = St = 

The seminormal form falls to the intersection of subalgebras L5 and Lq. 




5.5 Case J5 

In this case we use a modification of the permutation matrix P5: 



ft = 




Case 1. If ai3 7^ 0, then 



A /I 

0120^3^ 1 

6111^13 '^120113 



AT^i = I . . . ) , Wl=\ ai2ar3j 1 



A^5 is a normal form. 



Case 2. Otherwise, if ai3 = 0, ai2 ^ 0, then 




where = (aii£)^ai2 -ai2-Dccaii + 023011 -a32ai2 - 202201120111 -cn2Ciii)/ai2- 
A^l is a normal form. 

The case when 013 = 0, ai2 = 0, 023 7^ is reducible to Case 2 by using the 
conjugation by P5 after transposition A ^ —A^. 

Case 3. Otherwise, if ai3 = 0, 012 = 0, 023 = 0, then the seminormal form 

is 

0^ 

A = Sl=\. . 
Matrices of this form fall to the intersection of subalgebras Li and Lq. 
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6 Examples 

Example 6.1 The Tzitzeica equation 



The corresponding ZCR, which depends on a parameter m 7^ 0, is 

'■ /m 



A- 








m\ 




m 




, 


B 





m 


0/ 








g-2n 








e"/m 










The matrix A belongs to the Case Ji with the normal form Nl. Namely, the 
Jordan normal form of the characteristic element R and the matrix A'^'^ are 





^1 














1 






^0 










-Ux 





m' 












1 






Example 6.2 The Sawada-Kotera equation [7]: 



111 — Uxxxxx ~t~ ^UUxxx ^UxUxx 5w 



The corresponding ZCR and the corresponding normal form belongs to the Case 
J4. The matrix A has the normal form Nl, namely, 




The matrix B is rather large, hence omitted. 
Example 6.3 The Kupershmidt equation [2]: 

Ut — Uxxxxx + lOuUxxx + 25UxUxx + 20u Ux 

The corresponding ZCR and the corresponding normal form belongs to the Case 
J5. The matrix A has the normal form N^, namely, 

/ 1 0^ 

A = \ -u 1\ , A^^ = i -2u 1 

\ux + ni Oj 

The matrix B is large, hence omitted again. 
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